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Abstract

An overview is given of some recently obtained results in the development of Lagrangian probability density function (PDF)

methods for strati®ed turbulent ¯ows. Turbulence is described in this approach as stochastic motion of particles and change of their

properties in accord with usual budget equations of turbulence up to second order. This concept di�ers from the closure theory of

turbulence in two ways. Firstly, reactions can be taken into account exactly. Secondly, this approach represents a new theory for

turbulent mixing processes and it provides turbulence statistics for strati®ed ¯ow. This is illustrated by considering the dispersion

of buoyant particles, and by the calculation of third-order moments of the velocity±temperature PDF as well as the velocity PDF

itself. The calculated buoyant plume rise is found to be in agreement with measurements in the atmosphere. The results for the tur-

bulence statistics are shown to be in accord with water tank data and large-eddy simulation (LES) of a convective boundary layer.

Finally, the advantages of applying such concepts to modelling transport, mixing and reaction of substances in strati®ed ¯ows are

pointed out. Ó 1998 Elsevier Science Inc. All rights reserved.
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1. Introduction

Lagrangian stochastic models for the motion of ¯uid parti-
cles and change of particle properties appear to be a natural
frame for the development of models for turbulent dispersion,
scalar mixing and reaction in high-Reynolds number turbulent
¯ows. One of the main advantages of Lagrangian methods
over Reynolds-averaged Navier±Stokes (RANS) equations is
that chemical reactions can be treated exactly (Pope, 1985).
Just the required closure for non-linear reaction rates in RANS
equation methods may cause errors by several orders of mag-
nitude, if invalid approximations are applied (Pope, 1990; Fox,
1996). By considering the motion of all the ¯uid particles of the
¯ow, these models de®ne budgets for arbitrary moments of the
velocity probability density function (PDF), so that the ques-
tion arises as to the relationship of such Lagrangian models
and usual Eulerian budget equations of turbulence. As ob-
served by Pope (1994), such Lagrangian stochastic models
can always be constructed in consistency with turbulence bud-
get equations up to second order. These Lagrangian particle
models then describe the one-point PDF of turbulent ¯uctua-
tions, that depends only on a few assumptions on the pressure

correlations and dissipation terms. Such relationships are in-
structive for both the Eulerian and the Lagrangian approach-
es. The Lagrangian models provide e.g. for the Eulerian
approach criteria for the realizability of second-moment clo-
sures (Durbin and Speziale, 1994; Wouters et al., 1996). Inv-
ersely, the Eulerian budget equations may provide
constraints for the design of Lagrangian models.

The extension of the Lagrangian PDF approach to strati-
®ed ¯ow (for geophysical applications for instance) requires
®rstly an equation for the particle temperature, and secondly,
the scaling of turbulence and buoyancy processes. A tempera-
ture equation for a particle can be derived e.g. by using rela-
tionships to the Eulerian budget theory (Heinz, 1997a). The
closure of the pressure correlations and dissipation terms in
the Eulerian equations leads to parametrizations for the time
scales of the processes that are described in the Lagrangian
framework, which means these scales are estimated in terms
of the dissipation time scale and closure parameters, that ap-
pear as proportionality factors. The remaining problem is
the estimation of the dissipation time scale. This is more chal-
lenging than for neutral ¯ows, because the changes of this
quantity may be remarkably larger due to buoyancy e�ects.
This is found for instance for the buoyant plume rise (Heinz,
1998), that is considered in Section 4.

An overview of some recently obtained results and remain-
ing questions in the development of Lagrangian PDF models
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for strati®ed turbulent reactive ¯ow is given here. This is done
by considering questions such as:
1. How is it possible to scale turbulence, buoyancy and mixing

processes in particle methods for strati®ed ¯ows?
2. What explanations for turbulent mixing processes and the

turbulence statistics can be provided by Lagrangian PDF
models that are consistent with turbulence budget equa-
tions?

3. What new chances are given for the solution of problems of
practical relevance by the development of such models?

Lagrangian stochastic equations are described in Section 2 and
solutions for the ®rst question are pointed out in Section 3.
These equations are then applied to the calculation of the
buoyant plume rise (Section 4), the parametrization of third-
order moments (Section 5) and the estimation of the vertical
velocity PDF in convective turbulence (Section 6). The conse-
quences of these results with respect to the last two questions
are summarized ®nally.

2. Lagrangian stochastic equations

Let us consider linear stochastic Lagrangian equations,
which are able to obey Eulerian budget equations up to second
order (Heinz, 1997a). An equation for the change of the (po-
tential) particle temperature HL�t� (the subscript L refers to
a Lagrangian quantity) in time t has to be considered in order
to take buoyancy e�ects into account. It is advantageous to
combine the particle velocity UL�t� and temperature HL�t� into
the four dimensional particle state vector ZL�t�
� �UL�t�;HL�t�� in order to write these equations in a compact
way. These equations for the particle position xL; velocity UL

and temperature HL may be then written as (I runs from 1 to 3
only over velocity components in contrast to i, which runs
from 1 to 4):

d

dt
xI

L�t� � ZI
L; �1a�

d

dt
Zi

L�t� � haii � Gij Zj
L ÿ hZj

Ei
ÿ �� bij dW j

dt
; �1b�

where dW j=dt is a Gaussian process with vanishing mean val-
ues hdW j=dti � 0 and uncorrelated values at di�erent times,
hdW i=dt�t� � dW j=dt0�t0�i � dijd�t ÿ t0�. Here, dij is the Krone-
cker delta, d�t ÿ t0� is the delta function and h� � �i denotes the
ensemble average. Zj

E is the jth component of the vector
ZE � �UE;HE� that contains the Eulerian velocities UE and
the temperature HE (the subscript E denotes an Eulerial quan-
tity). Their position dependence is replaced in the Lagrangian
equations by the actual particle position.

The Lagrangian equations (1a) and (1b) can be also written
in terms of a Fokker±Planck equation (Gardiner, 1983; Ris-
ken, 1984) for the PDF of velocity and temperature ¯uctua-
tions. Considering the motion of all the ¯uid particles of the
¯ow, the solution of this equation then permits the calculation
of the one-point turbulence statistics in time. Agreement with
the budget equations for the mean quantities and all the vari-
ances of the velocity±temperature ®elds can be obtained by de-
riving the corresponding transport equations from the
Lagrangian theory and comparing these equations with the
Eulerian ones (Heinz, 1997a). The comparison of the equations
of ®rst-order for momentum and potential temperature deter-
mines then haii as

haii � m
@2hZi

Ei
@xK@xK

� �aÿ m� @
2hZ4

Ei
@xK@xK

di4 ÿ hqiÿ1 @hpi
@xK

dKi ÿ gdi3; �2�

where the Boussinesq approximation and the incompressibility
constraint @ZK

E =@xK � 0 are applied. Here, p is the pressure, q

the ¯uid density, m the kinematic viscosity, a the coe�cient of
molecular heat transfer and g the acceleration due to gravity.
The comparison of the Eulerian and Lagrangian equations
of second-order for the variances permits the estimation of
bij and Gij in dependence on the pressure correlation and dis-
sipation models. By adopting the Kolmogorov approximation
(Kolmogorov, 1942), the matrix b is determined by

b2 � 1

2s

C0q2 0 0 0

0 C0q2 0 0

0 0 C0q2 0

0 0 0 C1h Z4
E ÿ hZ4

Ei
ÿ �2i

0BBBB@
1CCCCA; �3�

where C0 and C1 are constants. The dissipation time scale s is
de®ned by s � q2=�2hei�, where hei denotes the mean dissipa-
tion rate of the turbulent kinetic energy (TKE) and q2 is twice
the TKE. The estimation of G is possible in accord with arbi-
trary models for pressure correlations, but the simple Rotta
model (Rotta, 1951) is now applied in order to demonstrate
the main features of the approach. Neglecting ®rstly rapid
pressure terms related to a small parameter k2 as justi®ed for
an unsheared boundary layer considered below, and secondly
the in¯uence of frequency ¯uctuations (Pope and Chen,
1990; Pope, 1991), G is given by

G � ÿ 1

4s

k1 0 0 0

0 k1 0 0

0 0 k1 ÿ4bgs

0 0 0 2k3 ÿ k1

0BBB@
1CCCA� 1

2
AV ÿ1: �4�

The derivation of Eq. (4) provides simultaneously the relations
C0 � �k1 ÿ 2�=3 and C1 � 2k3 ÿ 2k4 ÿ k1 for the constants ap-
pearing in Eq. (3), where k1; k3 and k4 are parameters that arise
from the applied closure assumptions for the pressure correla-
tion and dissipation terms. A is any four-dimensional antisym-
metric matrix and V ÿ1 the inverse matrix of second moments
of the velocity±temperature ®elds with V ij � hzizji, where
zi � Zi

E ÿ hZi
Ei are the Eulerian ¯uctuations.

We see, that the e�ect of the closure of the pressure corre-
lation and dissipation terms in the Eulerian variance transport
equations consists of the parametrizations of G and B in terms
of the dissipation time scale s and parameters k1; k3 and k4,
which describe the proportionality of all the involved time
scales with s. Thus, the estimation of this mean ¯ow frequency
x � sÿ1 in dependence of shear and strati®cation is one of the
key problems in this approach, because it scales the time scales
of all the processes. The parameters k1; k3 and k4 determine the
quantitative features of the turbulence as e.g. the values of the
anisotropy tensor, correlation coe�cients or the power law of
the buoyant plume rise.

The appearance of the unknown antisymmetric matrix A
in Eq. (4) shows the non-uniqueness of Lagrangian equa-
tions that satisfy turbulence budget equations up to second
order (Durbin and Speziale, 1994; Pope, 1994). This term
causes additional couplings in the Lagrangian equations
and consequently also additional correlations. For homoge-
neous and stationary turbulence one ®nds e.g.
hdZi

L�t�=dt � Zj
L�t�i � 1=2Aij, as can be derived from Eqs. (1a)

and (1b) by calculating this correlation, separating G V into
a symmetric and an antisymmetric component and applying
the transport equation for the variances to relate the sym-
metric part with B. Hence, in general also information about
such correlations hdZi

L�t�=dt � Zj
L�t�i is required in order to es-

timate G completely, but these in¯uences can be neglected in
many cases. This is done also in the applications considered
below.
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3. Time scales estimation

The scaling of turbulence and buoyancy processes only
within the Lagrangian framework is a non-trivial problem
when complex conditions have to be considered, and just the
above considered consistency constraints between the stochas-
tic Lagrangian equations and the Eulerian budget equations
indicate a way to solve it, because they provide a link between
the Lagrangian frequencies Gij and the mean Eulerian ¯ow fre-
quency x � sÿ1.

The application of standard approaches (Wilcox, 1993) for
the calculation of x is complicated by two facts: strati®cation
e�ects have to be included, and the consideration of spatial
gradient terms of x would increase remarkably the in¯uence
of errors in particle simulations. A feasible and robust frequen-
cy estimation can be derived (Heinz, 1998), if the particle fre-
quency changes only under the in¯uence of turbulence (as can
be seen below from Eq. (5)) and is not directly in¯uenced by
spatial gradients of the frequency ®eld. This condition is at
least ensured for two benchmark turbulent ¯ows with constant
ratios of production to dissipation of TKE: homogeneous
shear ¯ow and the logarithmic layer of an equilibrium turbu-
lent boundary layer (Speziale and Gatski, 1994). This ap-
proach opens a wide ®eld of applications as e.g. the
description of (atmospheric) boundary layer processes, where
similar assumptions are often applied (Mellor and Yamada,
1982).

Let us consider a turbulent ¯ow, where the joint velocity±
temperature PDF depends only on the vertical coordinate,
which is denoted now as x3 � z as usual. With respect to the
applications considered below, a constant vertical gradient
@U=@z is assumed for the mean horizontal velocity
U�along x1�, and the in¯uence of the mean vertical velocity
and the gradients of triple correlations on the mean ¯ow fre-
quency are neglected. By taking strati®cation e�ects into ac-
count in standard methods for the estimation of this
quantity, one ®nds

d

dt0
T � Ce2 ÿ 1ÿ 2T Ce1 ÿ 1� � � ÿ V̂ 13

q̂2
� V̂ 34

q̂2

( )
; �5�

where the dimensionless quantities T � �@U=@z�=x and
t0 � t � �@U=@z� are introduced and Ce1 � 1:56 and Ce2 � 1:9
are constants. V̂ 13; V̂ 34 and q̂2 are dimensionless variances
and twice the dimensionless TKE, respectively, that re¯ect
the in¯uence of the turbulence on T and satisfy the system of
equations

d

dt0

V̂ 13

V̂ 14

V̂ 34

V̂ 33

V̂ 44

q̂2

0BBBBBBBBB@

1CCCCCCCCCA
� 1

T

ÿk1=2 T 0 ÿT 0 0

ÿRiT ÿk3=2 ÿT 0 0 0

0 0 ÿk3=2 ÿRiT T 0

0 0 2T ÿk1=2 0 �k1 ÿ 2�=6

0 0 ÿ2RiT 0 ÿk4 0

ÿ2T 0 2T 0 0 ÿ1

0BBBBBBBB@

1CCCCCCCCA
�

V̂ 13

V̂ 14

V̂ 34

V̂ 33

V̂ 44

q̂2

0BBBBBBBBB@

1CCCCCCCCCA
;

�6�
where Ri � �bg@H=@z�=�@U=@z�2 is the gradient Richardson
number, H the mean Eulerian potential temperature, and b
the thermal expansion coe�cient. The system (6) arises from
the second-order moment equations which are used as budget
equations for the derivation of the Lagrangian equations (1a)±
(1b). The variances are normalized to twice the TKE at the ini-
tial time q2�t � 0�, and the variances related to temperature
¯uctuations (indicated by the superscript 4) appear multiplied
with a factor bg�@U=@z�ÿ1

.
The relation (5) is discussed in Section 4. This approach

permits the description of the evolution of x in accord with
shear and strati®cation. The stationary predictions are rather
similar to those of a frequency model, where T is calculated

only from turbulence budget equations. The latter approach
gives insight into the role of combinations of closure parame-
ters k1; k3 and k4 that can be interpreted as ¯ow numbers
(Heinz, 1998).

4. Buoyant plume rise

Let us consider now the application of the Eqs. (1a) and
(1b) to the simulation of the buoyant plume rise. An accurate
description of the turbulent mixing of the buoyant plume and
surrounding ¯ow (i.e. of the dependence of the mixing on ini-
tial plume and ambient ¯ow properties) is in particular impor-
tant for reactive plumes, because the mixing determines,
whether chemical reactions between compounds that are dis-
tributed in the ambient air and the plume occur or not. Addi-
tionally, the mixing determines essentially the spatial patterns
of the tracer distributions.

In the Eulerian approach, the buoyant plume rise is ex-
plained by entrainment and extrainment concepts. The idea
of entrainment of air into plumes by plume-generated turbu-
lence may provide the ``two-thirds'' power law for the buoy-
ant plume rise (the mean plume height grows proportional to
t2=3), that is observed in a neutrally strati®ed and non-turbu-
lent ambient ¯ow (Briggs, 1975). For emissions into turbu-
lent ¯ows one observes that the plume follows at ®rst the
two-thirds power law and then levels o� at later times, i.e.
the mean plume height becomes constant. This e�ect is ex-
plained as extrainment, i.e. entrainment of plume material
into the surrounding ¯uid due to the ambient turbulence.
The description of these di�erent mixing processes is related
in the Eulerian approach to the introduction of parameters
that cannot be derived directly from measurements and re-
quire di�erent ad hoc assumptions for their estimation. Sec-
ondly, this approach does not provide the dispersion of
plume particles.

Within the Lagrangian approach both the mean plume be-
haviour and the dispersion of plume material can be simulated
(van Dop, 1992). The description of turbulent mixing processes
has to be handled here by changes of time scales, and no the-
oretical basis seems to be available for their estimation within
the Lagrangian framework for complex conditions. Thus, the
characteristics of the plume behaviour had to be explained
hitherto by di�erent ad hoc assumptions on the time scale be-
haviour in the initial and ®nal stage. This is related to ques-
tions as to the range of applicability of these assumptions
and e.g. the in¯uence of strati®cation e�ects.

Instead, the frequency estimations considered above can be
applied, if the stochastic Lagrangian equations are chosen in
accord with turbulence budget equations. The ®rst term on
the right-hand side of Eq. (5) provides a power law for the
buoyant plume rise (due to T and growing proportionally to
t0) in accord with the entrainment idea. It is interesting to note
that only this term appears in the original frequency equation
of Kolmogorov (Wilcox, 1993). The second term on the right-
hand side of Eq. (5) depends on the state of turbulence. It
causes a decrease of T and consequently a levelling-o� of the
plume (see below). This is just the result of the extrainment
idea.

In order to illustrate the advantage of the approach present-
ed here let us consider the mean buoyant plume rise and the
®nal rise that follow from Eqs. (1a) and (1b). The particles
move only in the vertical direction x3 � z in the same ¯ow ®eld
as considered in Section 3. By introducing the normalized par-
ticle height Z � hx3

Li�@U=@z�2=B0 over the source, that means
hx3

Li�t � 0� � 0, the velocity W � hU 3
Li�@U=@z�=B0 and the

buoyancy B � bghHL ÿHi=B0, where B0 � bghHL ÿHi
�t � 0� is written for the initial buoyancy, the Lagrangian
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equations Eqs. (1a) and (1b) can be transformed for a neutral
strati®cation into:

dZ
dt0
�W; �7a�

dW

dt0
� ÿ k1

4T
W� B; �7b�

dB
dt0
� ÿ 2k3 ÿ k1

4T
B; �7c�

where t0 is applied as above. The two-thirds power law can be
obtained, if T is calculated only by the ®rst term of the right-
hand side of Eq. (5), which means, if the in¯uence of the am-
bient turbulence is neglected. For large times one then obtains

Z � 1

m1m2

I
Ce2 ÿ 1

� �2ÿm1

� t0m1 ; �8�

where m1 � 2ÿ �2k3 ÿ k1�=�4�Ce2 ÿ 1��� and m2 � 1ÿ
�k3 ÿ k1�=�2�Ce2 ÿ 1�� are applied, and I is written for the initial
value of T . For the derivation of Eq. (8), only the highest pow-
er of t0 is taken into account and I is neglected with respect to
t0. The change in time of the mean particle height over the
source is independent of the shear, that drops out due to the
de®nitions of Z; I and t0. Hence, the two-thirds power law is
obtained, if m1 � 2=3, i.e., if k3 � k1=2� 8�Ce2 ÿ 1�=3.

The plume calculated by Eqs. (7a)±(7c) levels o�, if the in-
¯uence of the ambient turbulence is taken into account by con-
sidering also the second term on the right-hand side of Eq. (5).
The ®nal plume rise is numerically obtained to be

hx3
Li � 1:838 � I � k�I� � B0

�@U=@z�2 ; �9�

where k is a factor between 0.4 and 1.0 in dependence on I . The
levelling-o� behaviour of the plume is explained within the
Eulerian theory as a result of entrainment of plume material
into the surrounding ¯uid due to the ambient turbulence
(called extrainment by Netterville, 1990). The intensity of this
process is characterized by a turbulence bu�et frequency, that
has to be estimated by di�erent (debatable) ad hoc assump-
tions (Gangoiti et al., 1997). Instead, the relation (9) derived
by the simulation of the turbulent mixing between plume
and ambient air contains only measurable quantities, such that
the turbulence bu�et frequency is calculated here in terms of
the shear @U=@z and the parameters k1 and Ce2 (Heinz, 1997b).

The curve, that follows only from the initial time scale (the
second-term on the right-hand side of Eq. (5) is neglected), is
shown in Fig. 1 together with the two-thirds power law curve
(8) and the curve that follows from the solution of Eqs. (7a)±
(7c) combined with Eqs. (5) and (6). The latter curve is indicat-
ed by HFM to point out to the use of the homogeneous (there
are no spatial transport terms) frequency model (5) and (6).
The equations Eqs. (7a)±(7c) are solved for the initial condi-
tions Z�t � 0� � 0;W�t � 0� � 0 and B�t � 0� � 1, and
Eq. (6) are solved by a Runge±Kutta procedure with initial
conditions V̂ ij � 1=3dij. The initial value
I � �@U=@z�=x�t � 0� is set to be 0.173 in accord with data
of the Nanticoke plume rise measurements (Netterville,
1990), and k1 � 8:3; k3 � 6:5 (which guarantee the above con-
dition for the power law) and k4 � 4:0 are applied. These
curves show the behaviour discussed above: the initial frequen-
cy provides asymptotically the two-thirds power law, and the
in¯uence of ambient turbulence leads to the levelling-o� of
the plume. By adopting k�0:173� � 0:77;B0 � 0:764 m sÿ2

and @U=@z � 0:04 sÿ1 according to the conditions of the Nan-
ticoke measurements, one obtains hx3

Li � 116 m. This agrees
well with the measured results of hx3

Li � �119� 40� m.

5. Third-order moments

After this calculation of the turbulent mixing of buoyant
particles with the ambient ¯ow let us turn to the description
of the turbulence statistics. The one-point (i.e. Eulerian)
PDF of turbulent velocity and temperature ¯uctuations is
determined by the Lagrangian stochastic equations Eqs. (1a)
and (1b) or their Fokker±Planck equation. All the moments
of this velocity±temperature PDF can be calculated through
integrations over this PDF multiplied with the corresponding
velocities and temperatures. The change of these moments is
determined by their transport equations, that can be derived
from the Fokker±Planck equation and represent parametri-
zations, because the moments of di�erent order are related
with each other. The expressions (2)±(4) for the coe�cients
of the Lagrangian equations (1a)±(1b) ensure that the ®rst-
and second-order moments of the velocity±temperature
PDF change for arbitrary third- (and higher-) order mo-
ments according to usual budget equations derived in the
closure theory of turbulence. Thus, all the moments that
are higher than second-order can be obtained from Eqs. (1a)
and (1b) as a consequence of these equations. This is consid-
ered next.

The vertical velocity PDF for convective turbulence, that is
important for the design of dispersion models (see e.g. Wilson
and Sawford, 1996), is investigated in Section 6. Second-order
closure models require the knowledge of the third-order mo-
ments of the PDF. These are important ingredients of turbu-
lence models for convective boundary layers, because the
typical structures of these ¯ows can only be explained by con-
sidering such turbulent transports. This relation between the
third- and second-order moments is considered ®rst and com-
pared with corresponding parametrizations of the Eulerian
closure theory.

In order to arrive at analytical solutions let us consider the
transport equation for the third-order moments
T nlm � hznzlzmi;
d

dz
F klm3 � dV k3

dz
V lm � dV l3

dz
V km � dV m3

dz
V kl � CknT nlm

� ClnT nkm � CmnT nkl; �10�

Fig. 1. The dashed line gives the normalized height Z as function of t0

as obtained by Eqs. (7a)±(7c). The solid curve represents the initial

rise, which follows from the initial particle frequency. The triangles

represent the observed two-thirds power law.
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which follows from Eqs. (1a) and (1b) by multiplying the cor-
responding Fokker±Planck equation with zkzlzm and integra-
tion over velocities and temperatures. Secondly, the often
applied quasi-normality assumption is adopted for the
fourth-order moments F klmn � hzkzlzmzni. This means, that
these terms are taken as products of second-order moments,
F klmn � V knV lm � V lnV km � V mnV kl (Millionshtchikov, 1941;
HanjalicÂ, 1994). This approximation is the simplest of di�erent
possible assumptions (Heinz and Schaller, 1996). As above, the
turbulence statistics is assumed to depend only on the vertical
coordinate z, and Cij � Gij ÿ dhZi

Ei=dzdj3 is applied as an
abbreviation. By inserting the approximation for F klmn in
Eq. (10) one obtains an algebraic equation system for the triple
correlations. This can be solved (all the details can be found
elsewhere (Heinz et al., 1997)), where some approximations
are applied, which are justi®ed for an unsheared convective
boundary layer. For the triple correlations T 333 and
T 113�� T 223� of velocities one then obtains e.g.

T 333 � ÿ 4s
k1

dV 33

dz
� 2a1a2�bgs�2 dV 44

dz

� �
fV 33 ÿ a1bgsV 34g

� a1

8s
k1

bgs
dV 34

dz
fV 33 ÿ 2a2bgsV 34g; �11�

T 113 � ÿ 4s
3k1

� dV 11

dz
fV 33 ÿ a1bgsV 34g; �12�

where a1 � ÿ4=�2k3 ÿ k1� and a2 � ÿ4=�4k3 ÿ k1� are intro-
duced.

By adopting parametrizations for the vertical pro®les of the
variances according to the results of Canuto et al. (1994) for an
unsheared convective boundary layer, one ®nds by means of
Eqs. (11) and (12) for the vertical ¯ux T 113 � 1

2
T 333 of TKE

the pro®le presented in Fig. 2. As can be seen, these data agree
rather well with the results of LES, that are also presented. A
similar behaviour is found for the triple correlation T 333 of ver-
tical velocities, that is given in Fig. 3. Similar deviations in the
maxima of these curves are also found by applying di�erent
LES codes, that provide (normalized) values between 0.21

and 0.28. Small deviations in the behaviour of these curves
near the surface appear also in the results of Canuto et al.

These derived third-order relations generalize the usual
downgradient relation (HanjalicÂ, 1994) T nlm � dV lm=dzV 3n

�dV nm=dzV 3l � dV ml=dzV 3m by the incorporation of additional
gradients of variances. It can be shown that the downgradient
relation is recovered for a neutral ¯ow, where interactions be-
tween the turbulent and the buoyant motion vanish (Heinz et
al., 1997). The neglect of these additional terms would e.g. be
related to the calculation of negative values of vertical ¯ux of
TKE in the lower half of the convective boundary layer,
whereas it is found to be positive throughout the whole boun-
dary layer in experiments.

Similar third-order relations can be derived by the closure
of the Eulerian third-order transport equations (Canuto et
al., 1994). However, this requires the introduction of addition-
al closure parameters, which means essentially the setting of
the quantitative contributions of all the gradients of the vari-
ances. It is obvious that this poses a non-trivial problem for
complex ¯ows. Instead, these contributions are obtained here
in terms of the closure parameters k1; k3 and k4 without any ad-
ditional assumptions. Moreover, the Lagrangian approach en-
sures the realizability of the moments, such that no clipping
procedures are required for the third-order terms in order to
guarantee the realizability of the second-order moments.

6. Vertical velocity PDF

The usually applied concept of designing models for the
turbulent dispersion of tracers is to ensure that the particles
move in accord with given turbulence statistics. Thomson
(1987) showed that such stochastic one-particle models require
the knowledge of the one-point PDF of velocity ¯uctuations.
However, this quantity is di�cult to obtain for turbulent ¯ows
with structures, as e.g. the updrafts and downdrafts in the con-
vective boundary layer.

Two methods had been applied hitherto to provide this ve-
locity PDF for particle models. Firstly, the adjustment of as-
sumed-shape PDF's to measurements (see e.g. Luhar et al.,
1996), and secondly, the construction of the `maximum missing
information' (mmi) PDF proposed by Du et al. (1994a, b). The

Fig. 2. The pro®le of the vertical ¯ux T 113 � 1
2
T 333 of TKE (solid line)

according to Eqs. (11) and (12) compared with Nieuwstadt's LES data

(the triangles, see Canuto et al., 1994). The vertical coordinate is nor-

malized to the boundary layer height zi, and the vertical ¯ux of TKE is

normalized to the cubic convective velocity scale �w��3.

Fig. 3. The normalized vertical pro®le (solid line) of the third-order

moments T 333 of the velocity PDF according to Eq. (11) compared

as in Fig. 2 with Nieuwstadt's LES data.
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latter approach makes an optimal use of the available informa-
tion on a turbulent ¯ow, that means the velocity PDF is ®tted
to a given (even) number of low-order moments. A review of
these developments was given recently by Wilson and Sawford
(1996).

These applied concepts adjust the velocity PDF to given
knowledge on the non-Gaussianity of the ¯ow. A way to ex-
plain this non-Gaussianity and its dependence on mean-¯ow
properties (as e.g. the mean temperature gradients) consists
of the simulation of the turbulent ¯ow by means of the sto-
chastic equations presented in Section 2. Here, the non-Gauss-
ianity is calculated in dependence of the mean velocity and
temperature ®elds as well as the variances of these ®elds. Con-
sequently, in contrast to the mmi approach no information on
third- and fourth-order moments is required. Such a concept
o�ers di�erent advantages: (i) it may contribute to the assess-
ment of di�erent assumed-shape approaches, (ii) it may explain
variations of the non-Gaussianity of the velocity PDF near the
ground and top of the boundary layer, and (iii) it may provide
this PDF under (strongly stable) conditions, where informa-
tion about this quantity by measurements is very hard to ob-
tain. Some ®rst results of the application of this approach
are described now.

The velocity±temperature PDF for convective turbulence is
estimated by calculating the vertical motion of 500 000 parti-
cles and change of their temperatures according to the stochas-
tic Lagrangian equations Eqs. (1a) and (1b), that are scaled as
usually with the mixing layer height zi, the convective velocity
scale w� and the temperature scale h�. The same vertical pro-
®les are adopted for the mean values and variances (that enter
into the equations by the drift term haii � @V i3=@z, see Heinz,
1997a) of the velocity and temperature ®elds as in Section 5.
At the initial time t � 0, the particles are distributed continu-
ously between 06 z=zi6 1. The initial values of the normalized
particle velocities and temperatures are set to be
U 3

L=w� � HL=h� � �1ÿ z=zi�R; where R is a Gaussian distribut-
ed random variable with zero mean and unity variance. This
assumption ensures a normalized vertical ¯ux of heat
V 34=�h�w�� � 1ÿ z=zi in accord with LES data (Canuto et
al., 1994), that indicates the buoyancy in the lower part of
the convective boundary layer. The particles are perfectly re-
¯ected at the boundaries (Physick, 1997), where their velocities
and temperatures are set after the re¯ection to their negative
values in order to ensure zero mean values of vertical velocity
and temperature at the boundaries. The Lagrangian equations
are solved with a time step of w�=zidt � 0:03 (Thomson, 1987).
This calculation requires approximately 0.9 min CPU time per
time step. The velocity PDF is calculated from the statistically
stationary solution of these equations taking sample values in
an interval of dz=zi � 0:02:

The results of these calculations are presented (without any
smoothing procedure) for the heights z=zi � 0:69; 0.44 and 0.19
in Figs. 4±6, respectively, and compared with the water tank
measurements of Luhar et al. (1996). The calculated normal-
ized PDF's gw��w=w�� (as usual, U 3

E ÿ hU 3
Ei � w is written) in

the middle and upper boundary layer illustrate the ability of
the presented approach to re¯ect the characteristic skewness
of the velocity PDF in a convective boundary layer. The quan-
titative agreement between the calculations and tank data is
good, apart from a small underestimate of the probability
for the appearance of very small velocity values. This tendency
is stronger expressed for the near-surface PDF. This fact is in
accord with the deviations of the calculated third-order mo-
ments from the LES data as depicted in Fig. 3. A part of these
deviations may be attributed to the expressions for the drift
terms haii � @V i3=@z; that are applied for the calculations pre-
sented here. These are chosen according to the conditions de-
scribed by Canuto et al. in order to include the required

information on the temperature ®eld, which was not measured
in the water tank experiments. More extended comparisons
then require simultaneous measurements of the statistics of
the velocity and temperature ®elds in saline water tank studies
or their calculation by LES. An improved agreement between
the calculated near-surface PDF and measurements seems to
be possible by adopting more complex closure models (see
e.g. Craft et al., 1996).

7. Concluding remarks

It is demonstrated that the relationship between Lagrang-
ian stochastic models and Eulerian Reynolds-averaged hydro-
dynamic equations for the moments up to second-order of the
velocity and temperature ®elds may contribute remarkably to

Fig. 4. The normalized PDF gw� of vertical velocities w=w� calculated

by the Lagrangian particle model Eqs. (1a) and (1b) at z=zi � 0:69 (sol-

id line). The saline water tank data are given as circles, see Luhar et al.

(1996).

Fig. 5. The normalized PDF gw� compared with water tank data as

given in Fig. 4, but now at z=zi � 0:44.
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the development of theoretically well-founded methods for the
simulation of strati®ed turbulent reactive ¯ows. The Eulerian
equations (with closed pressure correlation and dissipation
terms) represent empirical budget equations for the turbulence,
and the Lagrangian equations may provide with only a few as-
sumptions a corresponding theory of the micro-processes as
e.g. transport of momentum, heat, mass, their turbulent mix-
ing and reactions between compounds. The Eulerian equations
provide ®rst of all for the Lagrangian equations parametriza-
tions for the frequencies of all these processes by the applied
pressure correlation and dissipation models (Section 2), where-
as the Lagrangian equations provide criteria for the realizabil-
ity of closures. For given parametrizations for the pressure
correlations and the dissipation, the essential information to
be required for both these methods is the time scale informa-
tion, which means the calculation of the mean ¯ow frequency
for complex ¯ows. This question is complicated by the needed
incorporation of strati®cation e�ects, and a feasible calculation
procedure is needed in order to limit the simulation e�ort in
Lagrangian methods. It is explained in Section 3 how this
problem can be solved, when the ¯ow frequency is determined
mainly by the local turbulence. This approach provides the de-
pendence of the micro-processes on mean ¯ow properties as
shear and strati®cation, which means the variations of turbu-
lent mixing processes are explained in this way.

The advantages of applying these Lagrangian PDF meth-
ods are illustrated here with respect to the simulation of the
turbulent mixing between a buoyant plume and the surround-
ing ¯uid, as well as the calculation of the turbulence statistics
for strati®ed ¯ow. The buoyant plume rise theory solves two
problems, because the mean plume rise as well as the disper-
sion are calculated simultaneously. The second di�erence to
Eulerian approaches is given by the fact that the dynamics
and intensity of turbulent mixing are simulated without ad
hoc assumptions on entrainment and extrainment processes.
These mixing processes and the two-thirds power law are ex-
plained as a consequence of the frequency model (5) and (6).
The application of this approach to the parametrization of
the third-order moments (see Section 5) solves two problems:
Firstly, the contributions of variance gradient terms to these
moments are calculated here as a consequence of the stochastic
theory and not assumed as in Eulerian methods. Secondly,

clipping procedures to ensure the realizability are avoided.
Further improvements can be achieved by applying more com-
plex parametrizations for the fourth-order terms (Heinz and
Schaller, 1996), but this leads also to an enhanced computa-
tional e�ort. The calculation of one-point vertical velocity
PDF for convective turbulence in Section 6 demonstrates in
correspondence with the results of Section 5, that the typical
features of this PDF can be explained in this way. This ap-
proach may provide a theory for the origin of non-Gaussianity
and its variations in dependence on the gradients of the mean
®elds, but more investigations are needed here as discussed
above.

What new changes are given for the solution of problems of
practical relevance by the development of such stochastic par-
ticle models for strati®ed turbulence? An accurate description
of the transport of reactive substances e.g. in the atmospheric
boundary layer is essential in order to assess possible risks and
to develop control strategies. The mixing processes determine
the occurrence of chemical reactions, but their simulation is
complicated by the considerable variation with the strati®ca-
tion. Invalid approximations for the description of these mix-
ing processes and also the handling of non-linear reactions
may cause errors by several orders of magnitude. In contrast
to second-order closure methods, the considered Lagrangian
particle models o�er the possibility to treat arbitrary chemical
reactions exactly and to simulate the turbulent mixing and its
variations with shear and strati®cation, moreover they are still
tractable computationally. Their computational requirements
are much lower than those of LES, that is still restricted to
¯ows within simpli®ed geometries (at least with current capa-
bilities) and that have the same closure problem for non-linear
mean reaction rates as RANS equation methods. On the other
hand, also LES may bene®t from ongoing and future improve-
ments of PDF methods (Givi, 1997), because the PDF method-
ology can be adopted for its subgrid-scale modelling as
observed by Pope (1990). This approach avoids the closure
problem for non-linear mean reaction rates, but it enhances
the computational requirements. Further clari®cations of the
di�erences in the performances of these approaches (and their
computational requirements) for the modelling of turbulent
combustion in strati®ed ¯ow remain as a challenge.
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